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Abstract 

Let X be a complex Fano manifold of dimension n. Let s{X) be the sum 
of 1{R) — 1 for all the extremal rays of X, the edges of the cone NE(X) of 
curves of X, where 1{R) denotes the minimum of {—Kx ■ C) for all rational 
curves C whose class [C] belongs to R. We show s{X) < n if n < 4. And 
for n < 4, we completely classify the case the equality holds. 

1 Introduction 

Let X be an arbitrary Fano manifold of dimension n and Picard number px- 
In 1988, Mukai [Muk88 made the following conjecture. 

Conjecture 1.1. One has 

Px{rx 1) < n, 

and the equality holds if and only if X (frx-i^^ ^ where 

rx '■= max{m G N | —Kx nnL for some Cartier divisor L}. 

Wisniewski |Wis90) strengthened it into the following form to prove Conjec- 
ture O 

Conjecture 1.2. One has 

Px{i^x - 1) < n, 
and the equality holds if and only if X ^ (p^x-^^px ^ where 

Lx '■= iiim{{—Kx ■ C) \ C d X is a rational curve}. 

Conjecture 11.21 has been proved for n < 5 by Andreatta, Chierici, and Oc- 
chetta |ACO04| ; in the toric case by Casagrande |CasQ6) ; and for lx > {n + 3) /3 
by Novelli and Occhett a [NQTO ]. 

Recently, Tsukioka |TsulOc| generalized Conjecture [TT^] as follows. 
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Conjecture 1.3. One has 

Px{lx <n, 

and the equality holds if and only if X ^ (fix-i^^ ^ where Ix denotes the 
minimum of the length 1{R) of all the extremal rays R of X , and 

1{R) '■= imii{{—Kx ■ C) \ C d X is a rational curve with [C] G R}. 

We think that it is more natural to consider all the extremal rays to study 
a Fano manifold. We set up the following question. 

Question 1.4. Give a bound of 

six) :^ (^(^) - 1) 

7?CNE(X) extremal ray 

for arbitrary Fano manifolds X with dimension n. 

In this paper, we identify the bound in the case rt < 4. 
Theorem 1.5 (Main Theorem). Let X be a Fano manifold of dimension n. 

(i) Let n < 3. Then s{X) < n, and equality holds if and only if 

iiCNE(X) extremal ray 

(ii) Let n = 4. Then s{X) < n, and equality holds if and only if 

/JCNE(X) extremal ray 

or 

X ~ B1j,,,(Q4), 

where C &e a smooth hyperquadric and p, q ^ distinct points 
with pq (f_ Q^, where C P^ denotes the line through p, q. 

Remark 1.6. If n > 5, then there exsits a Fano manifold X of dimension n 
with s{X) > n (see Remark 1531 ) . 

As an immediate consequence of Theorem 11.51 we can give the affirmative 
answer to Conjecture 11.31 in the case n < A (Tsukioka |TsulQc| proved the 
inequality in the case n = 4 but did not settle the assertion on the equality 
case). 

Corollary 1.7 (cf. |TsulOc| ). Conjecture ] LS\ is true for n < 4. 
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Notation and terminology. We always work over the complex number field 
C. For a normal projective variety X , we denote the normalization of the space 
of irreducible and reduced rational curves on X by RatCurves"(X) (see |Kol96[ 
Definition II. 2. 11]). For the theory of extremal contraction, we refer the readers 
to [KM98j . 

For a projective kit pair (X, A) with effective A and a {Kx + A)-negative 
extremal ray R C NE(X), we say that R is of fiber type (resp. divisorial, small) 
if the associated contraction morphism cont/j : X ^ Y \s oi fiber type (resp. 
divisorial, small). We define the exceptional locus of R by Exc(i?) :— {x G 
X\ contfl : X — > y is not isomorphism at x}. For example, if R is of fiber type, 
then Exc(i?) = X. 

For a smooth projective variety X and a i^x-negative extremal ray R C 
NE(X), we say R is of type (a, b) if dimExc(i?) — a and dim cont_R(Exc(i?)) — b, 
and we say R is of type (n — 1, b)^™ if the associated contraction morphism is 
the blowing up of a smooth projective variety along a smooth subvariety of 
dimension b. We define the length 1{R) of R by 1{R) := min{(— i^x ■ C) 
C is a rational curve with [C] G R}. 

For an algebraic variety X and a closed subscheme Y C X, B\y{X) — > 
X denotes the blowing up of X along Y. The symbol Q" denotes a smooth 
hyperquadric in P"+^. We say that X is a Fano manifold if X is a smooth 
projective variety whose anticanonical divisor ~Kx is ample. 

2 Preliminaries 

A family of rational curves and extremal contractions. 

Definition 2.1 (see for example |ACO04] ). Let X ha. a normal projective va- 
riety. 

We define a family of rational curves to be an irreducible component H C 
RatCurves"(X) with the induced universal family. For any x G X, let Hx be 
the subvariety of H parametrizing rational curves passing through x, and 
the normalization of the image of in Chow(X). We define Locus(i?) (resp. 
Locus(i?2:)) to be the union of rational curves parametraized by H (resp. H^). 
Similarly, for any subset Y C X, let 
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For a family H of rational curves on X, is said to be dominating if 
Locus(i?) — X , unsplit if H is projective, and locally unsplit if is projective 
for general x G Locus(-ff). 

Proposition 2.2 ( |NO101 Proposition 2.5(b)]). Let X he a smooth projective 
variety, H a family of rational curves on X , and x £ Locus(if) a point such 
that Hx is projective. Then one has 

diniLocus(i/) + dim Locus (iJ^,) > dmiX + {—Kx ■ FamH) ~ 1, 

where FamiJ is the numerical class of the curves in X parametrized by H. 

Lemma 2.3 f |ACO04[ Lemma 5.4(b)]). Let X be a smooth projective variety, 
Y C X be an irreducible closed subset, and H be an unsplit family of rational 
curves on X. We assume that all curves which contained in Y are numerically 
independent from curves parametrized by H, and that K nLocus(_ff) ^ 0. Then 
one has 

dimLocus(i/)y > diniF + {-Kx ■ FamH) - 1. 

Lemma 2.4 ( [Occ061 Lemma 3.2]). Let X be a smooth projective variety, Y C 
X be a closed subset, and H be an unsplit family of rational curves on X. 
Then every curve contained in Locus(i/)y is numerically equivalent to a linear 
combination with rational coefficients of curves in Y and curves parametrized 
byY. 

Proposition 2.5. Let X be a smooth projective variety of dimension n. Assume 
that there exist distinct Kx -negative extremal rays Ri,R2 C NE(X) such that 

(i) Ri is of type (n - 1,0), 

(ii) 1{R2) > 2, 

(iii) Exc(i?i) nExc(i?2) ^ 0- 
Then i?2 is of fiber type and px = 2. 

Proof Let E, := Exc(i?j) for i = 1, 2 and fix x G n E2. Let C C X be a 
rational curve such that 

(1) xeC and [C] e R2, 

(2) {—Kx ■ C) is minimal among satisfying ([TJ. 

Let iJ be a family of rational curves containing [C] G RatCurves"(X). Then 
Hx is projective by construction. If there exists an irreducible curve / C -Ei D 
\jOCVls{Hx) then [I] ^ Ri D R2 — {0}, which leads to a contradiction. Hence 
dim(£'i n Locus(iJa;)) — 0. Thus dimLocus(-ff2;) < 1 since dimi?i = n — 1. 
Therefore 

1 > dimLocus(ff^) > {n - dimLocus(i7)) + {-Kx ■ FamH) - 1 
> 1{R2)-1>1 
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holds by Proposition 12.21 Thus diniLocus(7?) = n and Z(i?2) = {—Kx ■ 
Fami?) — 2. In particular, H is dominating and unsplit. We have 

dimLocus(i/)^^ > dimi?i + {—Kx ■ Famff) — 1 = n 

by Lemma [^751 Therefore Locus(i/)^ = X and Ni(X) is spanned by Ri?i and 
Mi?2 by Lemma HH ' □ 

Theorem 2.6 (f Wis9H Theorem 1.1]). Let X be a smooth projective variety 
and R G NE(X) be a Kx -negative extremal ray. Then for every irreducible 
component E C Exc(_R), we have 

1{R) < dimX + 1 - 2codinixi^ - dimcontij(£'). 

Remark 2.7. Let {X, A) be a projective kit pair of dimension n with effective 
Q-divisor A. 

(1) If > 3 then no {Kx + A)-negative extremal rays are of type {n,0) or 
of type {n, 1). 

(2) Set m > 2. Let i?j C NE(X) be a {Kx + A)-negative extremal ray, 
the associated contraction (pi: X Zi, Ei := Exc(i?i), and Ci C X an. 
irreducible curve with [Ci] G Ri for any 1 < i < m. We assume that 
Ei n Ej — $ for any 1 < i < j < m. Then we can define the morphism 
if : X ^ Z contracting all of . . . , E^ (Glue Lpi, . . . , ipm together. We 
note that Z is a normal proper variety). Then there is an exact sequence 
of the form 

> PicZ PicX 2®". 

Furthermore, if X is Q-factorial and Ri is divisorial for any 1 < i < m, 
then Z is also Q-factorial and hence > 1- 

Proof. The assertion ^ is obvious. We prove 

For 1 < z < TO, let V'i : ^ Zi be the morphism contracting Ei, . . . , Ei. 
(Glue (pi,.. .,ipi together. We note that Zi is also a normal proper variety.) 
We also let tt^: Zi-i — ^ Zi be the induced morphism with respect to V'i-i 
and Tpi (contracting Ei) such that tt; o = Vi- We denote Zq := X and 
TTi := ifi = ipi. We note that ip = ipm. 

It is enough to show the exactness of 

> PicZ, > PicZi_i Z 

for any 1 < i < to to prove ([2]). 

We can assume 2 < i < m since the case z = 1 is obvious by the contraction 
theorem. Injectivity of tt^*: Pic Zi PicZi_i is obvious since the morphism 
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TTi satisfies tTj^C^. ^ = Cz^- Let t^: — > Z,; be the morphism contracting 
El, ... , Ei-i which satisfies the commutative diagram 



X 




-1 






TT, 




> z^. 



Let := Zi \ (ji o ipi{Ei U . . . U Ei^i)) and L/., := Zi \ {n o be open 

subvarieties of Zi. 

We choose an invertible sheaf M G PicZ^^i satisfying (M • Ci) = 0. Then 
= (M ■ Ci) = {ipi-i*M ■ Ci). Hence there exists an invertible sheaf Li e Picli 
such that (pi*Li ~ ipi^i* M holds by the contraction theorem for i?^. Thus we 
obtain the isomorphisms 

M ~ - 'ipi-i^Vi*Li ~ Tri*Ti^Li 

since (/j^ and tt^ are isomorphisms over V^^, and tAi-i and are isomorphisms 
over Ui, respectively. We note that t,\„Li is an invertible sheaf since r^^Lily ~ 
M|^,_i^y,-| and r^^Lilj^. ~ Li Therefore we have M 6 -Ki* {Pic Zi). 

We prove the Q-factoriality of Zi by induction under the assumptions. We 
assume that Zi^i is Q- factorial. Let us pick an arbitrary prime divisor B C Zi. 
Then there exists s e Q such that {n'^B + sEi-d) = since (Ei-d) < 0. There 
exists L e Pic Zi and a positive integer m such that Ozi_i{m{TT~^B + sEi)) ~ 
TTi*L since is Q-factorial. Therefore we have Ozi{mB) ~ L. □ 

Characterizations of products of projective spaces. 

Theorem 2.8 (finiteness of tangent morphism [Keb021 Theorem 2.16]). Let X 

he a normal projective variety and H a dominating and locally unsplit family of 
rational curves on X . For general x € X , consider the rational map 

H^--^nTx\l) 

defined by 

[i]^nTiO- 

Then the rational map Tx is a finite morphism. 

Definition 2.9 (Variety of Minimal Rational Tangents). Under the assumption 
in Theorem 12.81 is called the tangent morphism; its image Cx ■= Tx{Hx) C 
F{Tx\x) the variety of minimal rational tangents, or shortly VMRT, of H at x. 

Araujo |Ara06J showed a criterion of varieties being products of projective 
spaces using the method of VMRT. 
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Theorem 2.10 ( [Ara06[ Theorem 1.3]). Let X be a smooth projective variety 
of dimension n with k distinct dominating and unsplit family of rational curves 
Hi, . . . , Hk. Suppose for a general x S X , the associated VMRT of Hi at x are 
linear subspaces of dimension — 1 in P{Tx\x) such that X]i=i ~ ^- Then 

We give another characterization of products of projective spaces in terms 
of length of extremal rays. 

Theorem 2.11. Let X be a smooth projective variety of dimension n = X)i=i 
with di, . . . ,dk G N. Assume that there exist distinct Kx -negative extremal rays 
Ri, . . . , Rk C NE(X) such that Ri are of fiber type with l{Ri) > di + I for all 
l<i<k. Then X ~ nLi IP''' • 

Proof. We denote ipi := cont/j. : X Yi and := dimX — diml^i. We have 
ELi ei < n by (Wis911 Theorem 2.2] and e; > 1{R,) - 1 by Theorem [lH for 
any i. Hence we obtain the inequality 

i—l i—1 i—1 

Therefore = l{Ri) — 1 = di holds. 

Let Fi be a genegal fiber of ipi. Then Fi is a Fano manifold of dimension di 
and LF, >d, + l. Hence F, ~ P'^' by [CMSB02| . 

Let Hi be the family of rational curves on X containing a point parametrizing 
lines in Fi ~ P'^' . Then Hi is a dominating and unsplit family of rational curves 
since {—Kx ■ Fa.mHi) — di + I = l{Ri). 

We consider C ^{TxVx) for x e F„ which is a VMRT of H, at x. We 
have C* = f{Tp.\^) C P(Tx|^); a linear subspace of dimension di — 1. Hence 
X c± nLi IP'*' by Theorem [2ll0l □ 

Proposition 2.12. Let X be a smooth projective variety of dimension n. If 
there exist distinct Kx -negative extremal rays i?i,i?2 C NE(X) such that the 
intersection Exc(i?i) n Exc(i?2) is not empty. Then we have 

{l{Ri)-l) + {l{R2)-l)<n 
and equality holds if and only if X ^ p'(«i)-i x p'(«2)-i^ 

Proof. We fix an arbitrary point x G Exc(i?i) n Exc(ii!2). For i — 1, 2, we set 
ifi :— conti^j : X — > y^, yi := ipi{x) G Yi. Let Ci C X be a rational curve with 

(1) X e Ci and [Ci\ e Ri, 

(2) {—Kx ■ Ci) is minimal among satisfying ([1]). 
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We also let Hi be a family of rational curves containing \Ci] G RatCurvcs"(X). 
Then (Hi)^ is projective by construction. Hence we have 

diunpY^iUi) > dim Locus (ifi)^ 

> (n - dimLocus(i?i)) + (-i^x • FamiJi) - 1 

> {-Kx -Fa-mH,) -1>1{R^) -1 

by Proposition [521 We note that dim((/3j^^(2/i) n </?^^(j/2)) = 0. Indeed, if there 
exists an irreducible curve / C ipi^{yi) fl ^2^iy2), then [I] £ i?i n i?2 = {0}, 
which leads to a contradiction. Thus we have n > dimip^^{yi) + dujnp2^{y2)- 
Hence n > (l(i?i) - 1) + (l(i?2) - 1). 

If the equality holds, then Hi are dominating and unsplit for all i = 1, 
2 since {—Kx ■ Famffi) = l{Ri) and dimLocus(i?i) = n. Therefore one has 
X ~ p'(i?i)-i X pKfl2)-i by jOccOei Theorem 1.1]. □ 

Corollary 2.13. Let X be a Fano manifold of dimension n and Picard number 
2. Then NE(X) is spanned by two extremal rays, Ri and i?2- If none of Ri and 
i?2 is small, then we have 

il{Ri) - I) + {1{R2) - I) < n, 

and the equality holds if and only if X pK«i)-i x p'(^2)-i^ 

Proof. For i = 1, 2, we set ipi :— cowtn. : X -^Yi and Ei :— Exc(i?i). Let C,; C 
X be an irreducible curve with [Ci] ^ Ri. It is enough to show Ei f) E2 9 hy 
Proposition [2TT2I We can assume i?i is divisorial. We can writei^x = fiKvi + 
aEi with a G Q>o since Yi has terminal singularities. We have {Ei ■ Ci) < 
since {Kx • Ci) < and {(pIKy^ ■ Ci) = 0. Thus we have {Ei ■ C2) > since Ei 
is a prime divisor and Ri = R>o[Ci] and R2 — R>o[C2] span NE(X). Therefore 
£;i n C2 7^ 0. In particular £'i~n E2 ^ ^I) holds. " □ 



3 Known classification results. 

Theorem 3.1 f |Cas09[ Prop. 3.1 and Thm.1.1]). Let X be a Fano manifold of 
dimension n and Picard number px • 

(1) If n > 3 and there exists R C NE(X) an extremal ray of type {n — 1,0), 
then Px < 3. 

(2) If n > A and there exists R C NE(X) an extremal ray of type {n — 1, 1), 
then px < 5. 

Theorem 3.2 ( [AO02[ Theorem 5.1]). Let X be a smooth projective variety of 
dimension n and R C NE(X) be a Kx -negative extremal ray of type {n — l,m) 
such that: 

• 1{R) > 71 - 1 - TO, 
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• all non trivial fibers of conti? are equi- dimensional. 
Then R is of type (n — 1, m)^™. 

Proposition 3.3 ( [TsulObi Proposition 5] (and |AO02[ Theorem 5.1])). Let 
X be a Fano manifold of dimension n > 4. Assume that there exist distinct 
extremal rays i?i,i?2 C NE(X) such that Ri are of type {n — 1, 1) and l{Ri) = 
n-2 fori = l and 2. Then Exc(i?i) n Exc(i?2) = 0- 

Theorem 3.4 ( |BCW02[ Theorem 1.1]). Let Y be a smooth projective variety 
of dimension n > 3 and a € Y be a (closed) point. Then X :~ Jila{Y) is a Fano 
manifold if and only if one of the following holds: 

(i) Y ~ P" and a G Y is an arbitrary point. 

(ii) Y ~ Q" and a £ Y is an arbitrary point. 

(iii) y ~ Vrf with I < d < n and a ^ H' [the strict transform of H) with 
Vd '.= Bl2(P"), where H C P" is a hyperplane and Z <Z H is a smooth 
subvariety of dimension n ~ 2 and degree d. 

Remark 3.5. The examples in Theorem 13.41 we have the following properties 
by easy calculations. 

(i) If X = Bl„(y) is in Theorem [SHQ, then 

NE(X) = R>o[/]+M>o[<?], 
i-Kx-f) = 2, 
{-Kx ■ g) = n-1 

holds, where / is the strict transform of a line on F = P" passing through 
a and g is a line in the exceptional divisor (~ P"~^) of X — > Y . Thus 

s{X) 

(ii) liX = Bla(F) is in Theorem [SH dn]) , then 

NE(X) = R>o[/]+M>o[g], 
i-Kx-f) = 1, 
{-Kx ■ g) = n-1 

holds, where / is the strict transform of a line on F = Q" passing through 
a and g is a line in the exceptional divisor (~ P"~^) of X ^ Y . Thus 
s{X) =n-2. 

(iii) liX = B\a{Y) is in Theorem [33] UIIl) , then 

NE(X) = M>o[/]+K>o[.g]+M>o[/]+K>oH- 
I = m + .g + (l-d)/in Ni(X), 

[^Kx-f) - 1, (-i^x-.9)-l, 
{-Kx -l) = n + 1 - d, {-Kx ■ m) = 1 
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holds, where / C X is a fiber over Z, g C X is Si fine in a fiber over a, 
I d X is a fine in H' , and m C X is a strict transform of a hne passing 
through a and a point in Z. Thus if d = 1 then s{X) — n — 2, but if d > 1 
then s{X) = 2n - 2 - d. 

Theorem 3.6 ( |TsulOa[ Theorem 1], |TsulOcl Propositions 3, 4]). Let Y be a 

smooth projective variety of dimension n > 4, C G Y be a smooth curve, and 
X := Blc(y). We assume that X is a Fano manifold of Picard number px- 

(1) If Px — 5, then one of the following holds: 

(i) Y ~ Bl{p}u{q}uP"-2(P") with P"-^ n pq 9 and C is the strict 
transform ofpq, where pq C P" is the line through p, q. 

(n) Y ~ Bl{p}u{g}uQ"-2(P") with Q""^ (1 pq = ^ and C is the strict 
transform ofpq, where pq C P" is the line through p and q. 

(2) Assume that there exists an extremal ray R C NE(X) of fiber type with 
1{R) > 2. 

• If R is of type {n, n — 2), then px = 2. 

• If R is of type (n,n — l), then the pair of{Y,C) is one of the following: 

(i) y ~ Q" and C is a hne in Q" C P"+^ 

(ii) y ~ P-'^ X P"^i and C is a fiber of the second projection. 

(iii) Y ~ Blpn-2(P") and C is the strict transform of a line in P" 
disjoint from P"~^. 

(iv) Y ~ Blp,i-2(P") and C is a fiber of the blowing up. 

(v) Y ~ Ppi(0pi © e>pi(l)®""^) and C is the section of P"-i- 
bundle over ¥^ whose normal bundle N'c/y is isomorphic to 
Opi(-l)®"-\ 

Remark 3.7. The examples in Theorem 13.41 we have the following properties 
by easy calculations. 

(1) (i) If X = Blc(y) is in Theorem EH (HH , then 

NE(X) = R>o[e]+M>o[/]+M>o[.9]+K>oW 

+ R>o[fc] +M>o[/] +K>oH 

i-Kx-e) = n-2, {-Kx-f) = l, {-Kx ■ g) = I, 

i-Kx -h) = 1, i-Kx • fc) = 1, i-Kx -1) = !. {-Kx • m) - 1, 

and NE(X) is exactly spanned by those seven extremal rays, where 

• e is a nontrivial fiber of the morphism X ^ Y, 

• f is the strict transform of a line (~ p"-i y) in the exceptional 
divisor over p, 

• / is the strict transform of a line (~ P"^i c Y) in the exceptional 
divisor over q, 
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• h is a fiber over P" ^, 

• A: is a fiber of E ^ C x P"^^ _^ p"-2^ where E is tlie exceptional 
divisor oi X Y, 

• I is the strict transform of a line in P" passing through p and 

P"-2, 

• TO is the strict transform of a line in P" passing through q and 

pn — 2 

Thus s{X) = n-3. 
(ii) If X = Blc(F) is in Theorem inn ([nil), then 

NE(X) = M>o[e]+M>o[/]+M>o[g]+M>o[/i] 

+ M>o[j]+M>o[fc]+M>o[/]+K>o[TO] 

i-Kx-e) = n-2, i-Kx -1)^1, i-Kx- 9)^1, {-Kx-h) = l, 

i-Kx ■ j) - 1, {~Kx • fc) = 1, (-i^x -0 = 1, {~Kx • m) = 1, 

and NE(X) is exactly spanned by those eight extremal rays, where 

• e is a nontrivial fiber of the morphism X Y , 

• / is the strict transform of a line (~ P"^^ C F) in the exceptional 
divisor over p, 

• / is the strict transform of a line (~ P"^^ C F) in the exceptional 
divisor over q, 

• /i is a fiber over Q"~^, 

• j is the strict transform of a line in P" intersects pq with each 
other and is contained in a unique hyperplane in P" which con- 
tains Q"-^ 

• A: is a fiber of ii^ ~ C x P"^^ _^ p"-2^ where E is the exceptional 
divisor of X — > F, 

• I is the strict transform of a line in P" passing through p and 

• TO is the strict transform of a line in P" passing through q and 

Qn-2^ 

Thus s{X) = n-3. 

(2) (i) If X = Blc(F) is in Theorem [311 (EH) , then px = 2. Thus s(X) < n 
by CoroUary[133l 

(ii) If X = Blc(F) is in Theorem [SH ([2nl) , then 

NE(X) = R>o[/]+M>o[g]+R>oW 
i-Kx-f) = n-2, {~Kx-g) = 2, {-Kx-h)^2 

holds, where / is a nontrivial fiber of X ^ Y, g is the strict transform 
of a general fiber of the first projection Y = x P"-i — j. p"-i 
and h is the strict transform of a line in the second projection Y = 
pi X pn-i ^ pi passing through C. Thus s{X) = n-l. 
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(iii) If X = Blc(F) is in Theorem [Ml (Eml) , then 

NE(X) - K>o[/]+M>o[.g]+M>oM 

holds, where / is a nontrivial fiber oi X Y, g is a fiber over P"~2 
and h is the strict transform of a fine in P" passing through C and 
P"-2. Thus s{X) n- 2. 

(iv) If X = B\c{Y) is in Theorem [3S] (giil) , then 

NE(X) = M>o[/]+M>o[.g]+M>o[/i] 
i-Kx-f) = n-2, (-Xx-ff) = l, (-Ax-M = 2 

holds, where / is a nontrivial fiber of X — >■ y , g is a general fiber over 
P"~^ and h is the strict transform of a line in P" passing through 
P"-2 and the image of C in P". Thus s{X) =n-2. 

(v) \iX = Blc(y) is in Theorem [SlBl ((2^ . then 

NE(X) = M>o[/]+K>o[5]+M>o[/i] 
i-Kx-f) = n-2, {-Kx-g) = l, {-Kx-h) = 2 

holds, where / is a nontrivial fiber oi X ^ Y, g is a fiber of ~ 
C X P"-2 _^ p"-2^ where E is the exceptional divisor oi X ^ Y, 
and /i is the strict transform of a line in a fiber of y — >■ P^ passing 
through C. Thus s(X) ^n-2. 



4 Proof of Theorem 11.51 

If px = 1, then s{X) < n holds and the equality holds if and only if X ~ P" by 
|CMSB02] . Hence we can assume pjc > 2. 

4.1 Proof of Theorem [US (Ej) 

We can assume n = 3 since the case n < 2 is trivial. We prove the assertion 
without using the result (MM81| of complete classification of Fano 3-folds with 
px > 2. 

If Px = 2 then the assertion holds by Corollarv l2.13l We can assume px > 3. 
By Theorem 12.61 Remark 12.71 ([T]) and Theorem 13.21 if there exists an extremal 
ray R C NE(X) which satisfies that l(R) > 2, then one of the following holds: 

(A) R is of type (2, 0)"" and 1{R) = 2. 

(B) R is of type (3, 2) and 1{R) = 2. 
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(We note that this can be obtained directly using complete classification of 
extremal contractions for 3-folds |Mor821 Theorems 3.3, 3.5].) 

If there exists an extremal ray R C NE(X) of type (|^, then X ~ Bla(Vd) 
with 1 < d < 3 by Theorem EZl thus s{X) < 3 by Remark [23] dm]) . If there 
exist distinct extremal rays i?i,i?2,^3 C NE(X) such that all of them are of 
type (0), then X ~ x x by Theorem [2111 

Therefore we have completed the proof of Theorem 11.51 . 

4.2 Proof of Theorem [TS] 

If px — 2 then the assertion holds by Corollary 12.131 (We note that ii px — 2 
and both extremal rays are small, then s{X) = 0.) We can assume > 3. By 
Theorem 12.61 Remark 12.71 ([T]) and Theorem 13.21 if there exists an extremal ray 
R C NE(X) which satisfies that 1{R) > 2, then one of the following holds: 

(A) R is of type (3, 0)™' and 1{R) = 3. 

(B) R is of type (3, 0) and 1{R) = 2. 

(C) R is of type (3, if"' and 1{R) = 2. 

(D) R is of type (4, 3) and 1{R) = 2. 

(E) R is of type (4, 2) and 1{R) = 3. 

(F) R is of type (4, 2) and 1{R) = 2. 

If there exists an extremal ray R C NE(X) of type ([X|, then s{X) < 4 
excepts for X ~ Bla{V2) ~ Blp,g(Q"), and if X ~ Blp,^(Q") then s(X) = 4 
by Theorem 13.41 and Remark 13.51 (jm)) . Hence we can further assume that there 
exist distinct extremal rays . . . , Rm C NE(X) such that 

• ElK.Kmiim - 1) > 4, 

• Ri are of type ([B]) or ... or (F) for all 1 < i < m 

It is enough to show X ~ ni<i<m '^'''^'''^^ under above assumptions. 

If Rt are of fiber type for aU 1 < i < to, then X ~ ni<j<m ^'^^'''"^ ^y 
Theorem I^TD If Ri is of type (0, then Rj are of type ^ or Qlind Exc{R^)^\ 
Exc(i?j) = for all j ^ i hy Proposition 12.51 If Ri is of type ([C|, then Rj are 
of type (HI) or del) and Exc(i?i) n Exc{Rj) = for all j ^ i. Indeed, if Rj is 
of type dni),® or ^ then s{X) < 4 by Theorem [3l] © and Remark [3J] © , 
which leads to a contradiction for our additional assumptions. Furthermore, if 
Rj is of type Q, then Exc(i?j) n Exc(i?j) = by Proposition [331 

Thus we can further assume such that 

• TO = 4, 

• Ri are of type (B) or (C) for all 1 < « < 4, 

• Exc(i?,) n Exc{Rj) = for all 1 < i < j < 4 
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It is enough to show that there does not exist Fano 4-fold X satisfying above 
properties. 

We have px < 5 by Theorem [O] © ■ However, if the equality holds then 
s{X) < 4 by Theorem EH ^ and Remark O Hence px < 4. Since 
Exc(i?i) n Exc(i?j) = for all 1 < i < j < 4, we can define (p: X ^ Z which is 
the gluing morphism of cont/j^ , . . . , cont^j^ contracting Exc(i?i), . . . , Exc(i?4). 

If Ri are of type ([C| for all 1 < i < 4, then Z is a smooth proper variety of 
Pz ~ Px — 4: < 0, hence this leads to a contradiction. If i?i is of type (|B]), then 
Px < 3 by Theorem 13. II p]). However, Z is a normal Q-factorial proper variety 
by Remark 12.71 ^ and there exists an exact sequence of the form 

> N\Z) N\X) ((-^^^--i-^-yK, 

Thus pz < Px ^ 3 < since at least three points in {[Ci], • • • , [C4]} are hnearly 
independent in Ni(X). This leads to a contradiction. 

As a consequence, we have completed the proof of Theorem II. 5 l lul 
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